KEVIN T. KELLY AND OLIVER SCHULTE

CHURCH’S THESIS AND HUME’S PROBLEM

ABSTRACT. We argue that uncomputability and classical scepticism are both reflections of
inductive underdetermination, so that Church’s thesis and Hume’s problem ought to receive
equal emphasis in a balanced approach to the philosophy of induction. As an illustration
of such an approach, we investigate how uncomputable the predictions of a hypothesis can
be if the hypothesis is to be reliably investigated by a computable scientific method.

1. RELATIONS OF IDEAS AND MATTERS OF FACT

Following an ancient tradition, David Hume boldly divided the objects of
inquiry into two kinds: relations of ideas and matters of fact (Hume, 1984).
Relations of ideas embrace all mathematical and logical inquiry, whereas mat-
ters of fact are the principal concerns of empirical science and daily life. The
view that mathematics concerns relations of ideas has two important conse-
quences. First, mathematical questions can be answered independently of all
empirical data and second, the ideas upon which such questions depend can
be scanned all at once by the “mind’s eye,” resulting in certainty concerning
their relations. After a brief discussion of this happy situation in mathematics,
Hume turned to the apparently more problematic case of inquiry concerning
matters of fact. Here, a general law covers a potentially unbounded stream
of empirical data that can refute it at any time in the future, so there is no
time by which certainty about the law can be achieved. In sharp contrast with
the concepts exhaustively scanned by the mathematician’s inner eye, the un-
bounded observations relevant to an empirical generalization always outrun
the scope of the empirical scientist’s outer eye. Hume’s problem is both an
observation and a challenge. The observation is that inductive! inferences can
never be certain or demonstrative in the way that mathematical inferences
were supposed to be and the challenge is to explain what is good about them,
other than that we habitually draw them.

Church’s thesis is the proposition that the intuitively algorithmically com-
putable functions are all recursive, or equivalently, Turing computable. Turing
showed that the thesis follows from locality conditions and finite bounds on
the resources and perceptual abilities of a human following an algorithm.?
The locality and perceptual boundedness assumptions are virtually identical
to those invoked in classical arguments for inductive skepticism. For example:

I assume then that the computation is carried out on one-dimensional paper, i.e. on a tape
divided into squares. I shall also suppose that the number of smbols which may be printed
is finite. If we were to allow an infinity of symbols, then there would be symbols differing

n this paper, induction will always refer to empirical inquiry rather than to mathe-
matical induction.
2For an extended discussion of the relevance of Turing’s argument, cf. (Sieg, 1994).
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to an arbitrarily small extent. ... The difference from our point of view between the single
and compound symbols is that the compound symbols, if they are too lengthy, cannot be
observed at one glance.

The behavior of the computer at any moment is determined by the symbols which he is
observing, and his “state of mind” at that moment. We may suppose that there is a bound
B to the number of symbols or squares which the computer can observe at one moment. If
he wishes to observe more, he must use successive observations.?

This is very different from Hume’s picture in which the mathematician’s
inner eye exhaustively scans two ideas and recognizes with certainty that the
one is contained in the other. Indeed, Turing’s computer is in a situation much
more analogous to that of Hume’s empirical scientist. Both the scientist and
Turing’s computer are limited by a finitely bounded perspective: the empirical
scientist can see only a finite initial segment of an infinite data stream at
any given time and the Turing machine can have seen only finitely many
squares on an infinite tape by any given time. In a typical sort of computability
argument, the Turing machine generates instances of some formal relation
successively, waiting for a test condition to be met. It is natural to speak as
though the machine is seeking to “verify” or “refute” some formal hypothesis
in light of formally generated “data” that arise on its tape and that cannot
be anticipated in advance due to the machine’s bounded perspective.

Despite this intuitive analogy, there is still a strong tendency to treat in-
duction and computation as disparate topics.* In the case of formal inquiry,
one commonly seeks procedures guaranteed to arrive at a correct result on
any input, and uncomputability is taken seriously. In the case of empirical
inquiry, it is much more usual to speak of justification, probability, confir-
mation, and historical case studies. Computational considerations are either
deemed irrelevant or are tacked onto the end of an ideal account, as when
numerical computations are used to approximate ideal Bayesian updating.’
We question this pervasive tendency. The purpose of this paper is to argue
that both Hume’s problem and Church’s thesis are reflections of assumptions
that give rise to inductive underdetermination, and to investigate some sur-
prising methodological issues that arise when uncomputability and inductive
scepticism are accorded equal status.

2. CONVERGENCE AND CERTAINTY

One intuitive distinction between algorithms and inductive methods is that
the former confer certainty whereas the latter do not. This certainty derives

3(Turing, 1936), our emphasis.

4For a recent example of this tendency, cf. (Levi, 1990).

5There are notable exceptions to this claim. On the formal side, there has been intererest
in random algorithms for primality testing. On the empirical side, Hilary Putnam (1963;
1965) explicitly proposed adopting a computation theoretic perspective on induction, and
his suggestion has been developed by computability theorists and linguists under the rubric
of formal learning theory, cf. (Osherson et al., 1986; Angluin and Smith, 1983). Formal
learning theory is the inspiration for this paper.
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from two factors: (1) a logical guarantee that the algorithm will produce the
right answer on each input in a specified class, and (2) the fact that the al-
gorithm halts, thereby signalling to the user in an unambiguous way what
its output is. Hume’s problem might be expressed by saying that there is
no procedure for inductive inference that has both properties, where inputs
are taken to be the infinite data streams that may arise for all the scien-
tist knows. The standard response to this difficulty is to exempt inductive
inference from condition (1). For example, it may be required only that the
method have a high personal probability of returning a correct conclusion,
or that the overall outputs of the procedure be mutually coherent, explana-
tory, or simple. We will refer to this as the standard approach to inductive
inference. Once the standard approach is adopted, the theory of inductive
inference looks very different from the theory of computability: the former
becomes preoccupied with probability distributions and their accompanying
analysis, while the latter employs a distinctive kit of tools—diagonalization,
dovetailing and reduction—characteristic of mathematical logic. The many
differences between these alternative conceptual schemes in turn reinforce
Hume’s dichotomy between empirical and formal reasoning.

But an alternative response is to relax condition (2) without relaxing con-

dition (1), so that an inductive method is guaranteed to converge to the right
answer, but need not inform the user when it has done so. William James, for
example, endorsed this alternative, which we will refer to as logical reliabilism8:
We may talk of the empiricist and the absolutist way of believing the truth. The absolutists
in this matter say that we not only can attain to knowing truth, but we can know when we
have attained to knowing it; while the empiricists think that although we may attain it, we
cannot infallibly know when. To know is one thing and to know for certain that we know is
another.
Weakening the sense of convergence to an output so that there is no longer a
determinate sign that the truth has been found (e.g., halting) can enlarge the
range of empirical hypotheses about which we can be guaranteed to find the
truth. But this strategy is not restricted to the empirical case. Even though
algorithms confer certainty when we have them, Church’s thesis informs us
that most formal problems do not have algorithmic solutions, just as Hume’s
problem informs us that most empirical questions cannot be eventually de-
cided by the data. Weakening the notion of convergence to an output in the
formal case can likewise expand the scope of formal inquiry without relaxing
the demand that the method succeed on every possible input.

In fact, various successively weaker notions of convergence to an answer
have been entertained in both empirical and in computational contexts. Con-
sider a system that produces a growing sequence of outputs through time. The
system might be a Turing machine with an infinite output tape or it might
be an inductive method producing test results in response to increasing data.
The system converges to a value (say 1) with certainty just in case it provides

6(James, 1948, pp.95-96)
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a determinate sign that it has found the truth. Turing machines usually signal
certainty by going into a designated halting state that the user can observe.
An equally good convention would be to have some special symbol (e.g., ‘!,
for ‘Eureka!’) such that the first output following the first occurrence of the
special symbol is the output the system is certain of. Every subsequent output
is dismissed as noise, as though the method has switched itself off after fin-
ishing its job, and every output before the first occurrence of ‘!’ is uncertain.
This works in both the Turing case and in the empirical case.

Alternatively, a system converges to an output n in the limit just in case
after some finite period of vacillation, it eventually produces only n. Finally,
a system capable of outputting rational numbers converges to an output n
gradually just in case for each rational r, there is a time after which the
conjectures of the system all remain within distance r of n.

3. VERIFICATION, REFUTATION, AND DECISION

Three concepts of convergence have been defined: certain, limiting, and grad-
ual. We turn next to the important notion of reliability. Empirical and formal
inquiry take on different, parallel forms depending on the application. For
example, a Turing machine may be called upon to assess a given claim (e.g.,
397 is the 20th prime) or to generate the value of a function (e.g. produce the
20th prime). Similarly, a scientific method may be required to test a given
hypothesis or may be required to generate its own hypothesis from data. In
the empirical case, generation corresponds, for example, to estimation or the-
ory discovery.” In this paper, we will focus on assessment problems only. On
the computational side, we assume the usual definitions of Turing machines
and their inputs and outputs. On the empirical side, our model of hypothesis
assessment is simplified and abstract. A data stream is a total function on the
natural numbers, to be viewed as an infinite sequence of code numbers arriv-
ing discretely through successive moments of time. The code numbers may be
thought of as representing discrete experimental outcomes. An empirical hy-
pothesis will be identified with the set of all data streams of which it is true.
A hypothesis assessment method is just a mapping from finite sequences of
natural numbers (i.e., finite data sequences) to rationals in the unit interval,
together with the certainty mark ‘I’. For the purposes of this paper it suffices
to think of an assessment method as being dedicated to the investigation of a
single hypothesis, so we needn’t provide the hypothesis as an input.

The situation of a hypothesis assessment method is very similar to that of
a Turing machine. Both the Turing machine and the inductive method face a
range of possible inputs: numbers to be tested for a property in the case of the
Turing machine and infinite data streams against which to check the truth of

7A discussion of such problems under the rubric of discovery problems may be found in
(Kelly, 1995). Our other paper in this volume pertains to theory discovery.

church.tex - Date: October 30, 1995 Time: 17:28



CHURCH’S THESIS AND HUME’S PROBLEM b}

an empirical hypothesis in the case of the inductive method. In either case,
there is a notion of correct answer: the correct answer for the Turing machine
is 1 if the input number has the intended property and is 0 otherwise, whereas
the correct answer for the inductive method is 1 if the hypothesis is true of
the actual data stream and is 0 otherwise.

Given a criterion of convergence, there are three notions of reliable as-
sessment that have been applied both in the theory of computability and in
discussions of empirical method: verification, refutation, and decision. Verifi-
cation requires that on every input the system converge (in the required sense)
to 1 just in case 1 is the correct answer. Note that this requires that the sys-
tem refuse to converge to 1 when the correct answer is 0. Similarly, refutation
requires that on every input the system converge to 0 just in case the cor-
rect answer is 0. Finally, decision requires that the system converge to the
correct answer whether it is 0 or 1. Combining notions of reliable assessment
with notions of convergence yields nine different standards of success, such as
refutation with certainty, verification in the limit, and gradual refutation.

On the empirical side, decidability with certainty seems to have been the
standard of reliable success assumed in skeptical arguments from classical
times up through Hume. Verification with certainty was briefly popular among
the logical positivists, who insisted that cognitively significant theories be in
principle verifiable. Karl Popper (1968) held that the scientific enterprise is
characterized by its resolution to reject refuted theories with certainty rather
than to protect them with conventionalistic stratagems. C.S. Peirce proposed
an ideal of convergent success (1958) and Hans Reichenbach’s vindication of
the straight rule of induction (1949) was closely related to gradual verification.

On the computational side, numerical properties that are decidable with
certainty are said to be recursive, those that are verifiable with certainty
are said to be recursively enumerable or r.e., and those that are refutable
with certainty are said to be co-r.e. But the application of success standards
to formal problems does not stop here. Hilary Putnam (1965) referred to
properties formally decidable in the limit as trial and error predicates. E.
Mark Gold (1965) referred to properties formally verifiable in the limit as
limiting r.e. and to those that are refutable in the limit as limiting co-r.e.
Finally, Peter Hajek (1978) has examined formal problems that are gradually
verifiable under the rubric of experimental logics. Putnam, Gold, and Hajek
clearly saw the analogy between their criteria of formal success and intuitions
about convergence in empirical inquiry.8

There is a further analogy. In empirical applications, the scientist may start
out with assumptions restricting the set of possible data streams he might
encounter to some set K. This has the effect of making the problem easier to
solve, since there are fewer possibilities to contend with. Similarly, a formal
decision problem can become easier if we restrict the range of natural numbers

8S0 did Putnam’s student, Peter Kugel (1977).
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over which the machine is required to succeed, as when the halting problem
is restricted to indices that either fail to halt on an input or that halt under
a fixed complexity bound.?

4. THE HALTING PROBLEM AND INDUCTIVE
GENERALIZATION

Sextus Empiricus recorded the following, classical argument for inductive
skepticism.

[The dogmatists] claim that the universal is established from the particulars by means of
induction. If this is so, they will effect it by reviewing either all the particulars or only some
of them. But if they review only some, their induction will be unreliable, since it is possible
that some of the particulars omitted in the induction may contradict the universal. If, on
the other hand, their review is to include all the particulars, theirs will be an impossible
task .... (Sextus, 1985, p.105)

From the logical reliabilist point of view, Sextus’ argument is actually a sketch
for a proof of an elementary mathematical proposition. Suppose the hypothesis
in question contains exactly one data stream e. For example, the universal
empirical hypothesis “You will always see 0” is a singleton containing the
everywhere 0 data stream. Let a be an arbitrary empirical assessment method.
A wily demon can adopt a strategy for presenting data to « in such a way that
‘H is false but a becomes certain that H is true. The demon simply presents
all Os until such time as a declares 1 with certainty. Thereafter the demon
presents all 1s. If a never says 1 with certainty, « fails on the everywhere 0
data stream. If o does, then « fails on a data stream that has all Os prior to
announcing certainty and all 1s thereafter. In fact, the same argument works
for any non-open hypothesis (in the standard, infinite product topology on
w). A singleton is just one example of a non-open set.

In the formal domain, the most basic negative result is that the complement,
of the halting problem (the set of all natural numbers n such that the nth
Turing machine does not halt on input n) is not r.e. (i.e., not formally verifiable
with certainty). It certainly seems as though the difficulty is the same as in
Sextus’ skeptical argument: as soon as the would-be verification procedure
becomes sure that a machine will never halt on its own index, the machine
may halt at some later time (for all the verification procedure knows in light
of its bounded perspective on the simulated computation). But despite the
strong heuristic analogy, the usual proof of the fact in question bears little
resemblance to Sextus’ skeptical argument. Turing machines do not accept
infinite inputs, so there is no place for a demon to feed misleading data to.
Instead, we are presented with a static, Cantorian diagonal argument in which
the complement of the halting problem is depicted as the counterdiagonal
of an infinite table in which each characteristic function of an r.e. set is a

9Cf. exercise 2-34 in (Rogers, 1987).
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row. This is elegant, but it gives the beginning student the impression that
epistemological analogies are ultimately misleading.

They aren’t. Let M; be an arbitrary Turing machine (that we may think of
as aspiring to verify the complement of the halting problem with certainty).
Now we construct a “demonic machine” My dedicated to misleading M; about
whether it will halt. On a given input, it throws away the input and then passes
along the result of simulating the aspiring positive test M; on input d, where d
is the demonic machine’s own index. (That a program that feeds its own index
to another program exists is an immediate consequence of the Kleene fixed
point theorem.) Now we have a situation just like that in Sextus’ argument:
if the aspiring positive test ever declares certainty (by halting), the demonic
program is total, so the aspirant is mistaken; and if the aspiring test never
declares its certainty by halting, the demonic program halts on no input, so
again the aspirant is mistaken. Just like the inductive demon, the demonic
machine out-waits the would-be verification procedure.'®

5. HIERARCHIES AND REDUCIBILITY

Impose the discrete topology on w. Let A" denote the set of all total functions
on w with the usual product topology induced by the discrete topology on w.
N is referred to as the Baire space. Let R be a relation involving n function
arguments and m number arguments. R is open just in case it is open in the
product space N x w™. R is r.e. just in case there is a Turing machine such
that for each input tuple in N™ x w™, the machine eventually halts on the
tuple just in case R holds of the tuple. In this definition, the functions are
input to the machine on infinite read-only tapes, only finitely much of which
can be read prior to halting.

The arithmetical complexity classes can now be defined as follows.!! Let £
denote the collection of recursive relations. Then a £9 | relation is a relation
that can be expressed as 3y.—R(¢,Z,y), where R € £%. A relation is II9 just
in case its negation is XU. Finally, a relation is AY just in case it is both X9
and II2. The Borel complexity classes of finite order are defined in exactly the
same way, except that the bold-face Greek characters X2, II9, and A2 are
used and the recursive relations are replaced with the clopen relations in the
base case.'?

The Borel hierarchy was studied at the turn of the century by analysts
interested in whittling down the space of all set theoretic functions to some

10Similar arguments can be given for a wide range of negative results. For demonic ar-
guments against limiting computation cf. (Kelly, 1995). This inductive representation of
computational intractability is common in learning-theoretic arguments (Case and Smith,
1983).

L Cf. (Rogers, 1987),(Moschavakis, 1980), or (Hinman, 1978).

121n the Baire space, every open set is a countable union of clopen sets. In spaces lacking
this property (e.g., the real line), one must initiate the induction with the open sets, finally
defining 28 to be A‘l).
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Sense of Success Mazimum Problem Complezity

Empirical case  Formal case

decidable with certainty A9 AY
verifiable with certainty 0 9
refutable with certainty I 19
decidable in the limit AY A
verifiable in the limit 9 9
refutable in the limit 1) I19
decidable gradually A) A
verifiable gradually 1 119
refutable gradually 9 9

TABLE 1.1. A characterization of the solvable empirical and formal problems

large class with nice analytical properties.' In the 1940’s, S. Kleene developed
the arithmetical hierarchy in order to study the new concept of computability
that had evolved in response to Godel’s incompleteness theorems, apparently
without knowledge of the earlier developments in analysis. J. W. Addison
(1955) recognized the strong mathematical analogies between the two hierar-
chies: continunity is like computability, open sets are like r.e. sets, clopen sets
are like recursive sets, the closure laws are similar, and the initial countable
segment of the Borel hierarchy can be defined just like the arithmetical hierar-
chy except that the r.e. relations are replaced with open relations. Addison’s
(X,11, A) notation for the hierarchies underscores these analogies.

The relevance of all this for our purposes is that the arithmetical hierarchy
exactly characterizes the various senses of formal problem solvability defined
above, and the corresponding cells in the Borel hierarchy exactly characterize
the corresponding senses of empirical problem solvability.

Proposition 1 '* Table 1.1 matches each sense of problem solvability defined
above with the complexity classification that characterizes the problems solv-
able in that sense, both for empirical problems (empirical hypotheses) and for
formal problems (sets of numbers).

In other words, the arithmetical hierarchy is a classification of formal prob-
lems according to the sense in which they are computably solvable and the

3For a summary of these issues, cf. (Moschavakis, 1980).
M The computational results summarized in this proposition are in (Putnam, 1965), (Gold,
1965) and (Hajek, 1978). For an expanded presentation, cf. (Kelly, 1995).
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Borel hierarchy is a parallel classification of hypothesis assessment problems
according to the sense in which they are empirically solvable. That uncom-
putability and inductive skepticism should generate such similar mathemati-
cal structures provides a further analogy between Church’s thesis and Hume’s
problem.

The concept of computable many-one reducibility is basic to the theory
of computability. Generally speaking, a many-one reduction of a set of func-
tions A to a set of functions B is an operator that takes elements of A to
elements of B and nonelements of A4 to nonelements of B. Here again there
is an analogy. We may think of a reliable inductive assessment method as a
continuous many-one reduction among sets of functions (i.e., of the hypothesis
to the set of all conjecture streams that converge in the relevant sense'®). The
results summarized in the second column of proposition 1 therefore amount
to continuous reducibility completeness theorems for the respective conver-
gence criteria in their corresponding Borel complexity classes. An inductive
demon continuously reduces the convergence criterion to the complement of
the hypothesis. Since the convergence criterion is complete in the correspond-
ing Borel complexity class, the existence of both a demon and a successful
assessment method for a given hypothesis would imply collapse of the Borel
hierarchy. So skeptical arguments fit naturally into the computability theo-
rist’s standard repertoire of moves.!®

6. THE RICE-SHAPIRO THEOREM

The Rice-Shapiro theorem is a standard tool for proving that an index set
(i-e., the set of all indices of some collection of partial computable functions)
is not r.e. From the present point of view, however, it illustrates a strong
connection between computability and ideal'” empirical inquiry.

Assume a fixed, computable encoding of pairs of numbers into nonzero
numbers. Let ¢ be a partial computable function. A data stream for ¢ is an
enumeration of code numbers of ordered pairs in the graph of ¢, possibly
interspersed with Os. (The Os ensure that the everywhere undefined function
will have at least one data stream, namely, the everywhere 0 data stream). Say
that the empirical hypothesis generated by an index set is the set of all data
streams of functions with indices in the set. Then the Rice-Shapiro theorem'®
says:

Proposition 2 (Rice-Shapiro) If an index set is formally verifiable with
certainty, then the hypothesis generated by the index set is empirically ver-

15 Assume an encoding of rationals in the unit interval by natural numbers.

16 Continuous reducibility is a standard topic in descriptive set theory; cf. (Moschavakis,
1980).

7By ‘ideal’ we mean subject to no computational limitations.

18(Cutland, 1986, Theorem 2.16, p.130)
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iftable with certainty given that the data stream is for a partial computable
function.'?

Proposition 2 permits one to prove a purely computational result (that a set
of numbers is not r.e.) by means of a purely empirical argument (a skeptical,
demonic argument showing that a certain empirical hypothesis is not verifiable
with certainty from empirical data).

7. COMPUTABILITY, EMPIRICAL INQUIRY AND
COMPUTABLE EMPIRICAL INQUIRY

We began with a common view among inductive methodologists, according
to which formal problems are relatively unproblematic and computational
limitations are either ignored or are deferred until after some ideal norms
governing inductive inference have been framed. In response, we argued that
Hume’s problem and Church’s thesis share a common motivation, namely
locality constraints on perception; whether on an empirical data stream or
an internal data structure. It was also argued that virtually the same notions
of convergence and reliability apply both in the formal and in the empirical
domain, which gives rise to similar complexity hierarchies in the two subjects.

But there is a deeper sense in which computation and empirical inquiry
are analogous. Say that a problem is underdetermined if there is no reliable
method for solving it. Inductive underdetermination arises due to a finitely
bounded perspective on an unbounded structure. It is immediate that classical
sceptical arguments are about inductive underdetermination. What we have
seen in our discussions of the Rice-Shapiro theorem and the halting problem,
however, is that uncomputability arguments are as well.

All inductive methodologies are responses to inductive underdetermina-
tion. If inductive methodologists did not take inductive underdetermination
seriously, then they would simply insist that everyone always believe the com-
plete truth. But we have seen that uncomputability also stems from inductive
underdetermination arising from similar locality and boundedness assump-
tions. It is therefore an oddly imbalanced position to ignore computability as
an inessential accident in inductive methodology when one’s primary focus
hinges on the same underlying structure. Such a position resembles that of
a physicist interested in pressure who disregards changes in temperature as
annoying accidents when in fact the same underlying structure—the kinetic
behavior of molecules—gives rise to systematic and essential relations between
the two.

Given that uncomputability and inductive skepticism both stem from in-
ductive underdetermination and that computability considerations should there-
fore not be ignored in the study of inductive methodology, there remains the
question of how the two factors should be analyzed. The usual theory of com-

9Ct. (Kelly, 1995, Corollary 6.8).
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putability requires procedures to eventually produce the right answer. The
standard approach to induction is very different, exchanging guaranteed con-
vergence to the truth for other considerations such as probability, confirma-
tion, coherence, simplicity, or social pressure. These distinct conceptualiza-
tions of induction and computability do not fit together well. Probabilistic
coherence requires logical omniscience, but logical ignorance may be unavoid-
able when logical relations are uncomputable. And even for effectively solvable
problems, logical ignorance persists until the algorithm’s output is obtained.
Probabilists can say that such constraints are not to be taken literally, but
this strategy must stop somewhere because probabilistic coherence is nothing
without logical omniscience over some algebra.

If we adopt the logical reliabilist approach, however, then we obtain a uni-
form perspective on both the inductive and the formal aspects of computable
inductive inquiry; a perspective in which the structures of computation and
induction interleave without artificial obstacles, as the following proposition
illustrates.

Proposition 3 The characterization of ideal hypothesis assessment presented
in proposition 1 holds in the case of hypothesis assessment by a computable
method if we substitute arithmetical complexity classes for the corresponding
Borel complexity classes.

The proposition says that the arithmetical hierarchy incorporates both the
purely inductive and the purely formal aspects of computable inductive in-
quiry and that it does so in a manner entirely parallel to the Borel characteri-
zation of ideal (uncomputable) inductive inquiry. Arithmetical complexity can
be high because a hypothesis is inductively underdetermined by the empirical
data, because it forces the scientist to perform impossible computations in
order to check it against the data, or because of some complicated combina-
tion of the two factors. Moreover, a given amount of formal complexity may
either add to the purely empirical complexity of the hypothesis or interleave
with it so that the overall arithmetical complexity is not increased, depending
on the particular case. Thus the analogy with pressure and temperature is
apt: there is an underlying, fundamental structure (arithmetical complexity)
against which the interactions between uncomputability and the problem of
induction are essential dependencies rather than accidents to be dismissed. In
the following sections we provide a systematic study of relations of this sort
with some surprising consequences.

8. COMPUTABLE INQUIRY AND UNCOMPUTABLE
PREDICTIONS

The traditional distinction between matters of fact and relations of ideas in-
vites the inductive methodologist to separate formal questions from empirical
ones. One of the most obvious formal problems facing an empirical scientist
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is to derive predictions from the hypothesis under test for comparison with
the data. Recall that in our present setting, an empirical hypothesis is a set
of data streams H. We say that H predicts observation b at stage n given
finite data sequence e just in case each data stream in H that extends e has
b in position n. Then we write Predy(e,n,b). As a special case, say that a
hypothesis is empirically complete just in case it unconditionally predicts a
unique datum for each position in the data stream. An empirically complete
hypothesis therefore contains a single data stream (namely, the one agreeing
with all of the unconditional predictions). Finally, the range of a hypothesis
‘H is the set of outcomes that may ever arise if H is true.

The following is perhaps the simplest and most obvious methodological
advice imaginable: To test a hypothesis, derive its predictions, compare them
against the data, and reject the theory when a mismatch is found.

The advice is correct when the hypothesis is empirically complete and there
is a computable procedure for deriving the predictions of A (i.e., when Predy, is
recursively enumerable), for then the advice amounts to a computable method
that refutes H with certainty.

But what happens when the predictions of the hypothesis under test are not
computably derivable? Then it seems as though no computable method could
refute the hypothesis with certainty. If the predictions are not computable,
then every computable method for deriving them must either be unsound
(it mistakenly derives the wrong prediction) or incomplete (it hangs in an
infinite loop, never yielding the intended prediction). In the former case, the
data might conspire to agree with the mistakenly derived prediction so that
the hypothesis is false but the method never notices. In the latter case, the
method never finds out what the theory predicts about some datum, and the
truth of the theory may depend entirely on what this prediction is.

But remarkably enough, the argument just given is fallacious: there are
empirically complete hypotheses that can be reliably assessed by computable
methods even though their predictions are not even definable in arithmetic.?®

Proposition 4 There is a hypothesis H such that

1. H is empirically complete
2. Predy is not arithmetically definable
3. but H is computably refutable with certainty.

Due to the following proposition, the hypothesis that witnesses proposition 4
has an infinite range of predictions.

Proposition 5 Suppose that H is empirically complete, computably verifiable
in the limit, and of finite range. Then Predy is computably decidable with
certainty.

On the other hand:

20Complete proofs of the following propositions may be found in (Kelly and Schulte,
1995).
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Proposition 6 There is a hypothesis H such that

1. H is empirically complete

2. the range of H is binary,

3. Predy is not arithmetically definable,

4. but H is computably refutable in the limit.

No empirically complete hypothesis is open, so by proposition 1, no such hy-
pothesis is verifiable with certainty. Thus we quickly arrive at a complete
picture of how uncomputable the predictions of an empirically complete the-
ory can be given that the truth of the theory can be reliably determined by
computational means in a specified sense.

In light of the view that science should proceed by deriving predictions
and checking them against empirical data, propositions 4 and 6 appear al-
most magical. Somehow or other, computable inquiry can proceed without
being able to derive the predictions of the hypothesis, even though any one
of these predictions might be wrong. But it underscores the analogy between
computability and inductive methodology that these striking methodological
facts are actually restatements of familiar results in the theory of computabil-
ity. The key to seeing this is that the arithmetical complexity of {e} corre-
sponds to the number of quantifier alternations in an implicit definition of ¢
in arithmetic and the arithmetical complexity of & corresponds to the number
of quantifier alternations in an explicit definition of ¢ in arithmetic. Let v de-
note the characteristic function of the Gédel numbered truths of arithmetic.
The fact that {v} € II9 is just the implicit definability of arithmetical truth,
which was already shown by Hilbert and Bernays. The fact that v is not arith-
metically definable is just Tarski’s celebrated theorem on the undefinability
of arithmetical truth. Proposition 6 follows immediately by proposition 3.

The proof of proposition 4 builds on the preceding argument (Hinman,
1978). Let (-, ) denote an effective encoding of pairs of natural numbers as
natural numbers and let ({n,m)); = n and let ((n,m)), = m. Extend the
coding to functions so that (¢);(n) = (e(n))1. Since {v} € MY, there is a
recursive relation G such that for each ¢,

e €{v} <= Vzy.G(e, z,y).

Then define
6(z) = (v(z), ny-G(v,z,y)) -

Hence, v(z) = (6(x))1, so § is not arithmetically definable. Finally, {0} is
definable as follows.

e € {0} <= Vz.G((e)1,z,(e(x))2) and Vz,y if y < (e(z))2 then ~G((¢)1,z,¥).

So {8} € IY. Note that while the range of v is binary, the minimization in
the definition of 0 makes the range of § infinite.

church.tex - Date: October 30, 1995 Time: 17:28



14 KEVIN T. KELLY AND OLIVER SCHULTE

Results relating implicit to explicit definability are standardly grouped to-
gether with the recursion theoretic basis theorems. A basis for a collection T’
of sets of functions (i.e., empirical hypotheses) is a collection of functions that
shares an element with each nonempty set in I'. Thus, proposition 6 says that
the set of all arithmetically definable functions is not a basis for the set of II9
singletons of binary range, proposition 4 says that the set of all arithmetically
definable functions is not a basis for the set of II{ singletons, and proposi-
tion 5 says that the set of all total computable functions is a basis for the %9
singletons of finite range.

But the basis theorems are relevant to our topic only in the case of em-
pirically complete hypotheses. When we move to empirically incomplete hy-
potheses, basis theorems say that each hypothesis of a given complexity is
correct of a sufficiently simple data stream. But that is not our concern. We
are interested in seeing how complex the predictions of a computably testable
hypothesis can possibly be, which is something quite different. The empir-
ical application therefore suggests a different generalization of the implicit
definability issue than the one traditionally examined in the theory of com-
putability.

In the empirically incomplete case, we can find hypotheses that are com-
putably refutable with certainty whose predictions are even more complex
than in the preceding examples. The analytical hierarchy is defined just like
the arithmetical hierarchy, except that existential quantification over numbers
is replaced with existential quantification over functions. The analytical hi-
erarchy is indexed with superscript 1 to distinguish it from the arithmetical
hierarchy. The relations in Al are said to be hyperarithmetical. A relation is
complete in a complexity class just in case it is a member of the class and
every member of the class is computably many-one reducible to it.
Proposition 7 There is a hypothesis H such that

1. Predy; is 11} -complete

2. and H is computably refutable with certainty.
In contrast, {v} and {§} are both A} and could not have been chosen outside of
Aj. The construction of H is as follows. Let S be a II}-complete set of numbers.
Let () effectively encode finite sequences of natural numbers into natural
numbers. By a standard normal form theorem (Rogers, 1987, Ch.16,Cor.V),
there is a recursive G such that for all z:

S(z) <= VrIn.G((r|n),z)
where 7|n denotes the initial segment of 7 of length n. Our hypothesis is then
defined as follows:
eEH
1. £(2) encodes a unit sequence,
2. Vi > 2,e(i+ 1) encodes an extension of length i of the sequence encoded

by e(i),
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Given sense in which Maximum complexity of Predy
‘H is empirically testable Empirically complete H  General Case
Finite  Infinite Finite Infinite
Range Range Range Range
decidable with certainty: A9 |O m] AY Ik
verifiable with certainty: X¢ |0 m] 19 9
refutable with certainty: I19 | A9 A »? I}
decidable in the limit: ~ AJ [A?Y Al 119 I}
verifiable in the limit: X9 |A? Al 119 It
refutable in the limit: M9 |Al Al I I}
SIS moom

TABLE 1.2. The inductive and deductive complexity of empirical hypotheses.

3. and Vi > 2,-G(e(7),<(0)).

By the form of the definition, # € II9. It turns out that each arithmetically
definable hypothesis has I} predictions. It remains to see that Predy; reduces
S. Suppose z € S. Then V73In.G((r|n) , z). Hence, no data stream in H begins
with z. So the unit data sequence (z) refutes H and H trivially predicts every
possible outcome at position 1 given that (z) has been observed. On the
other hand, suppose = ¢ S. Then 3rVn.—~G((r|n),z). Hence, (z) is consistent
with . Since H imposes no constraints on what happens at stage 1, any
outcome may arise at stage 1 given only that (z) is observed. Therefore,
x €S < Predy((z),1,0).

Similar arguments lead to a complete table mapping out how intractable the
predictions of a computably testable theory can be for each notion of inductive
success (Table 1.2). The results differ sharply depending on whether or not
the hypothesis is empirically complete and on whether or not the range of
the hypothesis is finite. The O symbol indicates that the case in question is
impossible.

9. IDEAL NORMS AND COMPUTATIONAL DISASTERS

So what, intuitively, is the magic that enables computable science to reliably
test theories with uncomputable predictions? Say that a method that rejects
a hypothesis with certainty as soon as it is refuted by the data is consistent.
Consistency is recommended by almost all ideal methodologists, including
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16 KEVIN T. KELLY AND OLIVER SCHULTE

hypothetico-deductivists, Bayesians and, more recently, belief revision theo-
rists (Gardenfors, 1988). But it turns out that:

Proposition 8 2! Suppose that H is assessable (in any of the senses defined
above) by a consistent method a. Then we have the following consequences.

1. If a is in XY, then Predy € II) ;.

2. If H is also empirically complete, then Predy € X9.

3. If a is analytical, then Predy is of analytic complexity no greater than

a’s.

It follows that hypotheses whose predictions are not arithmetically definable
cannot be assessed in any of our senses by an arithmetically definable consis-
tent method. Since the predictions of the hypothesis H exhibited in propo-
sition 7 are not even hyperarithmetical, no consistent, hyperarithmetically
definable method could even gradually refute or verify #; a situation that
contrasts sharply with the fact that 7 is refutable with certainty by a non-
consistent, computable method. Consistency imposes a severe restriction on
the power of computable science.

Nonconsistent methods allow some time lag before noticing that the hy-
pothesis under test has been refuted. This might suggest that the formal
method deriving the predictions merely needs some extra time to do its work
while further data are being read. But there is more to it than that, since
nonarithmetical predictions cannot be derived by computable means no mat-
ter how much time delay is provided, or even in the limit. In each of our
examples, the successful computable method succeeds by actually using fu-
ture empirical data to detect the inconsistency of the hypothesis under test
with earlier data. Let us return to the hypothesis H defined in the proof of
proposition 7. To refute H with certainty, one begins by reading and saving the
datum z in position 0. Then one ignores the datum in position 1 and checks
whether the datum ¢ in position 2 is the code number of a unit sequence and
whether =G (i, z). Thereafter, one checks whether the current datum j encodes
a unit extension of the sequence encoded by the preceding datum and whether
=G (j,z). The important point is this: if the first datum encountered is in S,
then H is already refuted by this datum, but our procedure won’t notice that
until some later datum is read and decoded. Moreover, it is clear that no
hyperarithmetically definable formal method that reads only the first datum
could ever determine, without looking at future data, whether this first da-
tum already refutes H. The same may be said of any arithmetically definable
method that succeeds in any of our senses when faced with the hypotheses
{v} and {d}.

We have just seen that purely formal problems arising in the course of
computable empirical inquiry may require future empirical data for their so-

21(Gaifman and Snir, 1990) contains a related result concerning the definability of
Bayesian probability measures that maintain unit priors on aritmetical truths and nonex-
tremal priors on contingent sentences in a first order language including arithmetic.
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lution, so that the traditional distinction between the formal and inductive
components of inquiry is blurred. This situation stands in sharp contrast with
Hume’s distinction between empirical matters of fact and a priori relations of
ideas—the distinction with which this paper began.

10. CONCLUSION

The paper began with the traditional view that formal problems are to be
bracketed or deferred in fundamental discussions on the logic of induction. In
response, we have argued that Church’s thesis is analogous to Hume’s problem.
Both are founded on material assumptions concerning bounded perception.
Both arise out of similar reliabilist criteria of success. Both generate similar
hierarchies of complexity. Both give rise to natural notions of reducibility and
completetness. And most importantly, arguments for both uncomputability
and inductive skepticism share a common structure; the structure of induc-
tive underdetermination. Therefore it is unnatural for inductive methodology
to abstract from computability considerations. Logical reliabilism provides
a balanced perspective on uncomputability and inductive skepticism in the
study of computable empirical inquiry.

As an illustration of this approach, we analyzed what seems to be the most
elementary methodological recommendation conceivable: that to test a the-
ory one should formally derive its predictions and then check them against
the data. A striking result of this investigation is that for some hypotheses
a computable inductive method must use future empirical data to determine
the consistency of past data with the hypothesis, thereby further breaking
down the traditional distinction between empirical and formal methodology.
Another is that for empirically complete theories, inductive and deductive
complexity are literally related as implicit and explicit definability in arith-
metic. Still another is that inductive methodology suggests a natural general-
ization of implicit and explicit definability that differs from the standard basis
theorems.
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